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Backlund symmetry . Lie Bcklund
symmetry ( symmetry ) (
) . $-$ symmetry
symmetry Olver([O]) , recursion operator
. Sokolov Shabat $([SS])$ symmetry








$u_{0},$ $u_{1},$ $u_{2},$ $\ldots$ , $Du_{j}=u_{i+1}(j=0,1,2, \ldots)$
$D$ (
, ).
$u_{0}$ $u$ , $\partial/\partial u_{i}(i=0,1,2, \ldots)$ $\partial_{i}$ . $f\in R$ $\partial_{k}f\neq 0$




. $\mathcal{R}$ $[, ]$
(1.2) $\lceil f,g$] $=\partial_{f}g-\partial_{g}f$ .
, :
(1.3) $[\partial_{f}, \partial_{g}]=\partial_{f}\partial_{g}-\partial_{g}\partial_{f}=\partial_{[f,g]}$ .
$u(x, t)$
(1.4) $u_{t}=H(u, u_{1}, u_{2}, \ldots, u_{m})(H\in \mathcal{R})$ ,
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. $u_{t}$ $(\partial/\partial t)u(x, t)$ , $u_{j}$ $(\partial/\partial x)^{j}u(x, t)$
. $\partial_{H}$ .
(1.4) $u$ $u+\epsilon ff\in \mathcal{R}$ $\epsilon$





. (1.6) ($\mathcal{R}$ )
(1.4) Lie Backlund symmetry ( symmetry) (1.2)
(1.6) $[H, f]=0$ ,
(1.4) symmetry (1.2) Lie Lie .
(1.4) $x,$ $t$ $x,$ $t$
, $u_{1},$ $H$ symmetry ( symmetry
).
$KdV$ $L_{H}$ Lie
Lie Lie , recursion
opertor symmetry
. $\mathcal{R}$ $L$ ( $\mathcal{R}$ $L$
Laurent ) symmetry ,
(1.7) $[\partial_{H}-H_{*}, L]=L_{t}-[H_{*}, L]=0$
$L$ (symmetry )recursion operator (Olver [O]).
$L_{t}$ $L$ $t$ ( $\partial_{H}$ ) . (1.6) (1.7)
. (1.6) $*$
(1.8) $[\partial_{H}-H_{*}, f_{*}]=(f_{*})_{t}-[H_{*}, f_{*}]=\partial_{f}(H_{*})$
. $\partial_{f}$ $H_{*}$ . (1.8) (1.7)
$L$ $f_{*}$ , $f$ $D$
, $f$ $H$ (1.8) $D$
, $f_{*}$ $L$ .
, (1.4) symmetry recursion
operator $D$ Laurent . recursion
operator $L$ , (1.4) symmetry $f$ $Lf$ symmetry
. symmetry $H$
$symmetry\{L^{n}H;n=1,2,3, \ldots\}$ ,
. $KdV$ $u_{t}=u_{3}+6uu_{1}$ recursion operator $D^{2}+4u+2u_{1}D^{-1}$
. recursion operator $D$ (
) , $\mathcal{R}$




. symmetry ‘ ”
. recursion operator
( recursion operator
symmetry ). Sokolov, Shabat [SS]
$D$ Laurent recursion operator
$\rho_{-1},$ $\rho 0,$ $\rho_{1},$ $\ldots$
.
. $\rho\in \mathcal{R}$ $\rho_{t}=\partial_{H}\rho=D\sigma$ $\sigma\in \mathcal{R}$
$\rho$ (1.4) . ,
$\rho$ . $f,$ $g\in \mathcal{R}$ $h\in \mathcal{R}$
$f-g=Dh$ $f\sim g$ $\sim$ $\mathcal{R}$
. $\rho$ $\rho_{t}=\partial_{H}(\rho)\sim 0$ .
$f\sim 0$ $f=$ $t$ $(=\partial_{H})$ $D$ $f$
, $f$ . Sokolov
Shabat $([SS])$ ( ) .
$\mathcal{R}$ $D$ Laurent $\mathcal{R}((D))$ . $\mathcal{R}((D))$
( ) . $\mathcal{R}((D))$
$P=p_{n}D^{n}+p_{n-1}D^{n-1}+\ldots$ $p_{n},p_{n-1}\cdots\in \mathcal{R}$
$p_{n}\neq 0$ $P$ $n$ $\deg P=n$ . $P$
$D^{-1}$ ${\rm Res} P$ . $P,$ $Q\in \mathcal{R}((D))$
${\rm Res}[P, Q]\sim 0$ . ${\rm Res}[P, Q]$ $D$ . $P\in \mathcal{R}((D))$
$n$ $P=O(n)$ . $L\in \mathcal{R}((D))$ (1.7)
$L$ , $\deg L=n$ $L^{k/n}(k=\pm 1, \pm 2\ldots)$
(1.7) , $L$ 1
(19) $L=l_{1}D+l_{0}+l_{-1}D^{-1}+l_{-2}D^{-2}+\cdot$ . .
. . (1.8) $L$
(1.10) $\deg(L_{t}-[H_{*}, L])\leq m+1-N$
$L$ $N$ formal symmetry .
( 1 )R((D)) 1 formal symmetry , $[H_{*}, (H_{*})^{1/m}]=0$
$\deg L_{t}\leq 1$ $H^{1/m}$ ( $H^{1/m}$ $m-1$
, $D^{-m+3}$ ) $m$ formal symmetry
. (1.7) , $f\in \mathcal{R}$ (1.4) symmetry, (1.6)
$f$ $n$ $(f_{*})^{1/n}$ $n$ formal symmetry
. symmetry recursion operartor




(1): $m+1$ formal symmetry $L_{t}-[H_{*}, L]$ $D$
$L$ $D^{-m+2}$ $l_{2-m}$ . $l_{1},$ $\ldots,$ $l_{3-m}$ $(H_{*})^{1/m}$
, $L_{t}-[H_{*}, L]=O(1)$
(1.11) $L_{t}-[H_{*}, L]=O(O)$
$l_{2-m}$ . (1.11) $L^{-1}$ $(L^{-1})_{t}=$
$-L^{-1}L_{t}L^{-1}$
(l.lla) $(L^{-1})_{t}-[H_{*}, L^{-1}]=O(-2)$
${\rm Res}$ , ${\rm Res}((L^{-1})_{t}-[H_{*}, L^{-1}])=0$
. $\rho_{-1}={\rm Res} L^{-1},$ $\sigma_{-1}=D^{-1}{\rm Res}[H_{*}, L^{-1}]$
(1.12) $(\rho_{-1})_{t}=D\sigma_{-1}$
. $\rho_{-1}$ , $\rho_{-1}=(\partial_{m}H)^{-1/m}$ . $\rho_{-1}$ ,
$\partial_{m}H$ $\sigma_{-1}=0$ . $(H_{*})^{1/m}$ ( $m$
) $m+1$ formal symmetry .
(2): $m+2$ formal symmetry $L_{t}-[H_{*}, L]$
$L$ $D^{-m+1}$ $l_{1-m}$ .
(1.13) $L_{t}-[H_{*}, L]=O(-1)$
$l_{1-m}$ . (1.13) $L^{-1}$
(1.13a) $L_{t}L^{-1}-[H_{*}L^{-1}, L]=O(-2)$
${\rm Res}(L_{t}L^{-1}-[H_{*}L^{-1}, L])=0$ . ${\rm Res} L_{t}L^{-1}=(l_{0}/l_{1})_{t}$





(3): $m+3$ formal symmetry $L_{t}-[H_{*}, L]$ $D^{-1}$
$L$ $D^{-m}$ m .
(1.15) ${\rm Res}(L_{t}-[H_{*}, L])=0$ .








$\rho_{k}$ $(k=-1,0,1, . . . )$ (1.4) (canonical densities) .
recursion operator $\rho_{k}$
$H$ .
(1.17) $\frac{\delta}{\delta u}\partial_{H}(\rho_{k})=0$ $(k=-1,0,1, \ldots)$
. $\delta/\delta u$ ( )Euler
(1.18) $\frac{\delta}{\delta u}=\sum_{j=0}^{\infty}(-D)^{j}\partial_{j}$
. $H$ $L$ $l_{1},$ $\ldots,$ $l_{3-m}$ , $H$
( ) $\rho_{-1},$ $\ldots,$ $\rho_{m-3}$
$\sigma_{-1}$ , $\sigma_{0},$ $\ldots$ ($\rho_{k}$ $\sigma_{k}=0$ )


















(1.19) $u_{t}=H(u, u_{1}, u_{2}, u_{3})=u_{3}+g(u, u_{1}, u_{2})$
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$u_{t}=u_{3}- \frac{3}{4}\frac{u_{2}^{2}}{u_{1}}+\alpha u_{1}+\beta u+\gamma$
$u_{t}=u_{3}- \frac{3}{4}\frac{u_{2}^{2}}{u_{1}+1}+\alpha u_{1}+\gamma$
. $\gamma=0$ $v_{t}=v_{3}+\alpha v_{1}+\beta v$
$v=(u_{1})^{1/2}$ . $\gamma=0$ $v_{t}=v_{3}+\alpha v_{1}$
$v=(u_{1}+1)^{1/2}$ . $[SS]$ . Burgers’




(1.20) $u_{t}=H(u, u_{1}, u_{2}, u_{3}, u_{4})=u_{4}+g(u, u_{1}, u_{2}, u_{3})$ .




$\rho_{3}=\frac{3}{4}\sigma_{0}+{\rm Res} H_{*}^{\frac{3}{4}}=\frac{3}{16}D^{-1}(\partial_{3}g)_{t}+{\rm Res} H_{*}^{4}\epsilon$
$\rho_{4}=\sigma_{1}=D^{-1}(\rho_{1})_{t}=-\frac{3}{8}(\partial_{3}g)_{t}+\frac{1}{4}D^{-1}[\partial_{2}g-\frac{3}{8}(\partial_{3}g)^{2}]_{t}$
.








$u(x, t)$ $v(x, t)$ 2
$u_{t}=H_{1}(u, u_{1}, \ldots, u_{m)}v, v_{1}, \ldots, v_{m})$ ,
(2.1)
$v_{t}=H_{2}(u, u_{1}, \ldots, u_{m}, v, v_{1}, \ldots, v_{m})$
. $u_{j}=(\partial/\partial x)^{j}u(x, t),$ $v_{j}=(\partial/\partial x)^{j}v(x, t)$ .
[MSY] . $\mathcal{R}$ $u=u_{0},$ $v=v_{0},$ $u_{1},$ $v_{1},$ $\ldots$
$Du_{i}=u_{i+1},$ $Dv_{i}=v_{i+1}$ $D$ , $H_{1},$ $H_{2}\in \mathcal{R}$
. $f=(f_{1}, f_{2})\in \mathcal{R}\cross \mathcal{R}$
(2.2) $\partial_{f}=\sum_{j\geq 0}(D^{j}f_{1})\frac{\partial}{\partial u_{j}}+\sum_{j\geq 0}(D^{j}f_{2})\frac{\partial}{\partial v_{j}}$
. $H=(H_{1}, H_{2})$ $\partial_{H}$ (2.1) .
$2\cross 2$ $H_{*}$
$(H_{*})_{11}= \sum_{j\geq 0}\frac{\partial H_{1}}{\partial u_{j}}D^{j}$ , $(H_{*})_{12}= \sum_{j\geq 0}\frac{\partial H_{1}}{\partial v_{j}}D^{\dot{J}}$
(2.3)
$(H_{*})_{21}= \sum_{j\geq 0}\frac{\partial H_{2}}{\partial u_{j}}D^{j}$ , $(H_{*})_{22}= \sum_{j\geq 0}\frac{\partial H_{2}}{\partial v_{j}}D^{j}$
. $\mathcal{R}\cross \mathcal{R}$ $H_{*}$ $\mathcal{R}\cross \mathcal{R}$
. (2.1) symmetry $f=(f_{1}, f_{2})\in \mathcal{R}\cross \mathcal{R}$
(24) $\partial_{H}(f)-H_{*}f=f_{t}-H_{*}f=0$
. . recursion
operator $L$ $2\cross 2$ R. ( $\mathcal{R}$ $D$
Laurent )
(2.5) $\partial_{H}(L)-[H_{*}, L]=L_{t}-[H_{*}, L]=0$
. . Sokolov, Shabat








. $H_{*}$ ($D$ )




([MSY]). To ( $0$ )
(2.10) $T=T_{0}(E+T_{-1}D^{-1}+T_{-2}D^{-2}+\cdots$
$\hat{H}_{*}=T_{t}T^{-1}+TH_{*}T^{-1}$ $D$
. $E$ $2\cross 2$ , $T_{k}(k=-1, -2, \ldots)$ .






(2.12) $(L^{a})_{t}-[H^{a}, L^{a}]=0$ , $(L^{b})_{t}-[H^{b}, L^{b}]=0$
. $L^{a},$ $L^{b}$ 1 ( ) , $H^{a},$ $H^{b}$ m( )
. $t$ $\partial_{H}$ . (2.12)
$A\grave{D}$ recursion operator (1.7) , (1.7)
$H_{*}$ (2.12) $T$ $H^{a},$ $H^{b}$
( $D$ ) . (
) , (2.12)
$\rho_{k}^{a}(k=-1,0,1, \ldots)$ $\rho_{k}^{b}(k=-1,0,1, \ldots)$ ,
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(1.1) recursion operator
(2.1) . $\rho_{k}^{a}$ , $\rho_{k}^{b}$ $\wedge^{\backslash }\backslash$
. $u$ $v$ Euler $0$
(V Euler (1.17) ).
2.1. 3
$u_{t}=H_{1}=u_{3}+f(u, u_{1}, v, v_{1})$
(2.13)
$v_{t}=H_{2}=-v_{3}-g(u, u_{1}, v, v_{1})$
. $f,$ $g$ $u,$ $u_{1},$ $v,$ $v_{1}$ . $v_{3}$
-1 .
([SS], [MSY]
) , ( )
$H_{*}(m)$ $0$ , $v_{3}$
$-1$ . $\hat{H}_{*}$ $D$ Laurent





$\varphi_{2}=0(=\psi_{2}),$ $\varphi_{1}=\partial_{u_{1}}f,$ $\varphi_{0}=\partial_{u}f,$ $\varphi_{-1}=-\frac{1}{2}\partial_{v_{1}}f\partial_{u_{1}}g(=\psi_{-1})$ ,
$\varphi_{-2}=\partial_{v_{1}}fD\partial_{u_{1}}g+\frac{3}{4}D\partial_{v_{1}}f\partial_{u_{1}}g-\frac{1}{2}(\partial_{v_{0}}f\partial_{u_{1}}g+\partial_{v_{1}}f\partial_{u_{0}}g),$
$\ldots$
, $\psi_{k}$ $\varphi_{k}$ $frightarrow g,$ $urightarrow v$ .
$\rho_{k}^{a}$





. $\rho_{k}^{b}$ . ( )
, $\rho_{1}^{b}$ , . . . , $\rho_{6}^{a}$ , $\rho_{6}^{b}$








$a_{22},$ $\alpha_{1},$ $\alpha_{2},$ $\beta_{1},$ $\beta_{2,\gamma_{1},\gamma_{2}},$
$\delta_{1},$ $\delta_{2},$ $k_{1},$ $k_{2}$ , $f^{-}(v, v_{1})$ $v,$ $v_{1}$
. (II) $H_{1}$ , $H_{2}$ $u$





. $\mathcal{R}$ $u,$ $u_{1},$ $u_{2},$ $\ldots$ $u(0),u(1),u(2)$ , . . .
(REDUCE operator $u$ ; , $u(k)$ $x$
$u(k+1)$ ). $f\in \mathcal{R}$ $u,$ $u_{1},$ $\ldots,$ $u_{m}$ $f$
$f$ $($ 0,0, . . . $0)$ ( $0$ $m+2$ ) .
(3.1) $D^{k}\partial_{0}^{k0}\cdots\partial_{m}^{km}f$












dlet $(f (0 , 0 , 0 , 0 , 1) ,u(0)**3)$ ;
. dlet let $f(1,1,0,0,1)$
$D\partial_{0}u^{3}$ $6*u(1)*u(0)$ . doperator .




dclear ($f(0 , 0 , 0,0,1)$ ;
.
. $f\in \mathcal{R}$ $u,$ $v,$ $\ldots,$ $u_{m},$ $v_{m}$ $f$
$1+2(m+1)$ $0$ $f(0, \ldots 0\cdot)$ .
(3.3) $D^{n}\partial_{v_{O}}^{l0}\cdots\partial_{v_{m}}^{lm}\partial_{u_{0}}^{k0}\cdots\partial_{u_{m}}^{km}f$
$f$ ( $n,kO$ , . . . ,km, 10, . . . , lm) . (3.2)




. 3 $w$ , $f\in \mathcal{R}$










diffop. rl Euler ((1.17) ), Frechet Jacobian $H_{*}((1.5)$ (2.3)
) . $f$ $v$ Euler
( eul $(f,v)$ ; . eul $f$ ; $u$ Euler
( eul $(f,u)$ ). Euler
, . Frechet
Jacobian procedure $fj(h)$ $h$ (1.5) , $h=list(h1,h2)$
(2.3) .
seki.rl $(D$
Laurent ) ( ) ( )
$\ovalbox{\tt\small REJECT}$ .
seki $(f,g,m)$ ;




$f$ Euler $0$ $f$ $f=Dg$ $g$
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(
, ). $f$ $u,$ $v,$ $u_{1},$ $v_{1},$ $\ldots$




) REDUCE(Ver. 3.3) .
. .
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